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In this short review, the predictions of inflation are presented and compared to the 
most recent measurements of the Cosmic Microwave Background (CMB) anisotropy. It 
is argued that inflation is compatible with these observations but that these ones are not 
yet accurate enough to probe the details of the scenario. 
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1. Introduction 

Inflation is presently our most convincing scenario of the very early universe, not 
only because it is physically attractive, but also because it makes a series of definite 
predictions that can be tested concretely by means of astrophysical observations. 
In this short article, we quickly review what are these predictions and describe how 
the on-going high accuracy Cosmic Microwave Background (CMB) anisotropy mea- 
surements can probe the physics of inflation. It is argued that inflation is presently 
compatible with all the available data but that these ones are not yet accurate 
enough to test the details of the inflationary scenario. This review is organized as 
follows. In the next section, we present the inflationary predictions and, in par- 
ticular, describe the theory of cosmological perturbations of quantum-mechanical 
origin. In the next section, we compare these predictions with the recently released 
CMB anisotropy observations. Finally, we quickly present our conclusions. 

2. Basic Equations and Basic Predictions 

2.1. Background Evolution and Cosmological Perturbations 

Inflation is a phase of the cosmic evolution which took place before the hot Big Bang 
era^ This phase allows us to solve many problems (horizon, flatness, monopoles 
etc . . . ) plaguing the standard cosmological model. The main idea is that the evo- 
lution of the Friedman-Lemaitre-Robertson- Walker (FLRW) scale factor a(t) was 
accelerated, d 2 a/dt 2 > 0. This acceleration is caused by a fluid the pressure of 
which is negative as required by the Einstein equations of motion. Typically, since 
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at very high energy a fluid description of matter is likely to be inadequate, one uses 
(quantum) field theory and models matter by one or many scalar fields. Therefore, 
typically, the theory describing matter during inflation possesses the Lagrangian^l 

1 N 

£ ma ttor = ~ 9^ ^V^Vo - V(lfii, ■ ■ ■ ,(fi N ) . (1) 

i=l 

At the end of the accelerated phase, the scalar field oscillates at the bottom of its 
potential and decays into radiation. This is how one smoothly connects inflation 
with the radiation dominated era^. 

In order to go further, one must consider the theory of cosmological perturba- 
tions of quantum-mechanical origin El This theory aims at explaining the origin 
and the evolution of the inhomogeneities that are observed in our Universe. One 
of the most interesting aspects of this theory is that it makes accurate predic- 
tions which are currently under observational scrutiny. Technically, one uses the 
fact that, in the very early universe, the inhomogeneities were small as revealed by 
the COsmic Background Explorer (COBE) measurement of the CMB anisotropy, 
5T/T ~ 10- 5 1 This permits to work with a linear theory which is of course a great 
technical simplification. Concretely, one writes El that the metric tensor is given by 

7 M „ (ri,x)= [g^v (v) + eh ^ (v>x) + (v> H ] dx^dx 1 ' , (2) 

where g^iv) is the standard homogeneous and isotropic FLRW metric. In the same 
manner, the matter sector can be expressed as 

ipi(ri,x) = ipi{rj) + e8ipi(r),x) + e 2 6^ipi(r),x) H , (3) 

where i — 1, • ■ • ,N with N the total number of scalar fields. In Eqs. (J2J and 
e is a small parameter in which the expansion is performed. The equations linking 
the perturbed metric h^v and the perturbed scalar fields Sipt are just the linearized 
Einstein equations. 



2.2. Density Perturbations 

Let us consider that two scalar fields, say tpi and if 2, are present in the early universe 
(the following formalism can be easily generalized to the case where there are more 
fields). We now introduce the so-called perturbed adiabatic field and perturbed 
entropy field defined by^ 

da = (cos 9) 5<p\ + (sin 9) Sip2 , 6s = — (sin 9) 6<pi + (cos 9) 6ip2 , (4) 

where 

cos6> = —= Vl sing = —= ^ (5) 

where a primes denotes a derivative with respect to the conformal time. The case 
where there is only one field corresponds to <p2 = or 9 = 0. In this case, it is 
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obvious that there is no entropy field, 5s = 0. Instead of working with 5a and 5s, it 
is more convenient to use 5s and the generalized Mukhanov variable defined by 



5<T+^(v[) 2 + (rt) 2 <S> 



cos#«i + sm9v 2 , (6) 



where $ is the Bardeen potential and v\ , V2 the Mukhanov variables associated to 
the first and second scalar fields respectively. The quantity Ti. is defined by a' /a, 
a{r]) being the FLRW scale factor. Then, in the Fourier space, the equations of 
motion of the system can be written as 



2a {9' 5s)' + 4a9' (h + ^\ 5s , (7) 



A fit 

5s" + 2H5s' + (k 2 + a 2 V ss + W' 2 ) 5s = — = fc 2 $ , (8) 

*V>i) 2 + te? 

where the function 7 is defined by 7 = 1 — Ti' /Ti. 2 and the quantity V ss is given by 
V ss = sin 2 9V ipiipi — sa\29V vlV2 +cos 2 9V V2lfi2 . The quantity k denotes the wavenum- 
ber of the corresponding Fourier modes. We see that the system can be reduced to 
equations describing parametric oscillators (the time-dependent frequency coming 
from the "interaction" between the perturbations and the background) together 
with an acting force term, originating from the non-adiabatic nature of the fluctu- 
ations. The integration of the above equations lead to the power spectra of the adi- 
abatic and non-adiabatic components during inflation (there is also a mixed term) . 
Each component is characterized by an amplitude and a spectral index that can be 
evaluated for instance if the slow-roll approximation holds'^. In the single field case, 
the spectrum is almost scale-invariant, the deviations from scale invariance being 
small and given by the derivative of the inflaton potential. 

The next question is now to propagate these spectra to the radiation-domination 
era. For this purpose, let us introduce the purely geometrical quantity £ defined by^ 

6 1 + oj 

where ui = p/p is the equation of state parameter. One can also work in terms of 
C BST related to £ by 

. 2W-!$' + $ k 2 

c - = - $ -3^T^ W*' (10) 

On super-Hubble scales, one has C BST = — (. The importance of the quantity £ 
lies in the fact that, under certain circumstances that we are going to discuss, it is 
conserved on super-Hubble scales regardless of what happens during the complicated 
phase where one goes from inflation to the radiation-dominated era. Therefore, £ 
can be viewed as a "tracer" for density perturbations. Conservation of the perturbed 
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stress-energy tensor implies the following equation 

C BST = --^-s Pnad -\d t d^K (ii) 

P T P O 

On super-Hubble scales, the last term is negligible but the first one is still important. 
This first term is the so-called non-adiabatic pressure and is defined by the following 
expression: Sp na _d = Sp — c^Sp, where Sp, Sp are the total energy density and pressure 
respectively and = p' / p' is the sound velocity. Expressing the perturbed energy 
density and the perturbed pressure explicitly, one has 

X fx 2 x \ , fx 2 c \ . I 2 2 \ (Pi +Pl) (P2 +P2) c 

<Wd = {Spi - c sl S Pl ) + (S P2 - c S2 Sp 2 ) + (c sl - c s J — — S 12 Q2) 



p + p 



where the quantity S12 is given by 



Su = ^ (13) 

Pi +Pl P2+ P2 

We see that the non-adiabatic pressure contains two contributions. The terms Spi — 
Cg ; 5pi originate from intrinsic entropy perturbations (if any) of the fluids under 
consideration while the term proportional to S12 represents the entropy of mixing. 
The previous expressions are valid for any type of matter. In the case of scalar fields, 
one obtains 



o u2 no! I 

S Pnad = — (1 - c 2 ) -$ + 4 V(^) 2 + i^fSs , (14) 

/v CL Qi 



where k = Sit/m^ . On super-Hubble scales the non-adiabatic pressure only comes 
from the entropy field 8s, i.e. is sourced by the entropy of mixing and not by the 
intrinsic entropy perturbations (which exist for a scalar field). 

Therefore, if only one field is present, £ is conserved and this implies that the 
scale-invariant spectrum generated during inflation is "transferred" to the pertur- 
bations of the various components in the post-inflationary phase. Moreover, these 
fluctuations are adiabatic, i.e. they satisfy 

(15) 
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Sp 
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These relations are then used to calculate observables like, for instance, the multi- 
pole moments Cg which characterize the CMB anisotropics. 

If more than one field is present the situation is more complicated since one can 
no longer use the conservation of £ to predict the spectra in the post-inflationary 
phase (in addition, as already mentioned above, there are several of them, V(, Vs s 
and Vq-Ss)- Furthermore, the relations (|15|l are violated and, hence, the Ci can 
strongly differ from the single field case. 
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2.3. Gravitational Waves 

Gravitational waves are unavoidably produced in the early universe®. Since the ten- 
sor modes do not couple to matter, the gravitational wave spectrum is independent 
of th e typ e of matter (or of the number of scalar fields) present during inflation. It 
reads ^™ 



l-2(C + l)e-2eln^- 



(16) 



where e = m 2 (V /V) 2 / (167r 2 ) is the first slow-roll parameter. It would be of utmost 
importance to detect the primordial gravitational waves since this would provide a 
direct access to the energy scale of inflation H. af . Unfortunately, this is observation- 
ally quite challenging. 

Another important check of the inflationary scenario would be to measure the 
tensor spectrum to scal ar spectrum ratio. Under quite general circumstances, this 
can be expressed as^^ 

T 

— = -8n T sin 2 A , (17) 

where n T = — 2e is the tensor spectral index and A is a quantity which measures 
the correlation between adiabatic and non-adiabatic perturbations. In absence of 
non-adiabatic perturbations (i.e. in the single field case), sin A = 1. Eq. i|17fl tells 
us that tensor modes are sub-dominant since the spectral index is expected to be 
small. A direct check of this consistency relation would be a direct proof of inflation. 



2.4. Other Possibilities 

There are other effects that could modify the basic predictions of inflation pre- 
sented above. Here, we discuss two possibilities. Firstly, there is the so-called trans- 
Planckian problem of inflation It consists in the following. In a typical model 
of inflation, the wavelength of the modes of astrophysical interest today were, at 
the beginning of inflation, when the initial conditions are chosen, smaller then the 
Planck length. In this regime, the framework used to perform the calculations, 
i.e. quantum field theory in curved space-time, is likely to break down. In other 
words, the predictions of inflation could be modified by short distance physics. It is 
not easy to predict what these modifications could be but a quite generic prediction 
is that superimposed oscillations in the primordial power spectra should appear 



'tpl = VA 1 - 2|x|ct cos 



— rn( A ) + 

(To \k 



(18) 



where Vq is the standard spectrum. The oscillations in the power spectra are usually 
transferred to the multipole moments Cg which therefore also exhibit superimposed 
oscillations (of course the amplitude and the frequency of these oscillations have 
nothing to with the acoustic oscillations). 
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A second interesting possibility is the presence of topological defects that would 
be produced at the end of inflation (in the case where the underlying model possesses 
several fields). This has recently been studied in Ref. El in the case of hybrid 
inflation. Interestingly enough, it has been shown that, unless some fine-tuning 
of the model parameters is present, the inflationary multipole moments would be 
significantly changed. 



3. So Where Do We Stand? 

We now quickly discuss what are the consequences of the recently released Wilkinson 
Microwave Anisotropy Probe (WMAP) data for inflation LL^l First of all, these 
data are compatible with a spatially flat universe, Qq ~ 1. Secondly, the initial 
(scalar) power spectrum is found to be compatible with scale invariance but a small 
deviation from scale invariance cannot yet be established with enough statistical 
confidence. No signal of non-adiabatic fluctuations has been found. The first slow- 
roll parameter e is c onstrained to be e < 0.03 and we have an upper bound on the 
scale of inflation 

^-<I.4xI0- 5 . (19) 

Some single field models are already ruled out, for instance the ones with a potential 
of the form V(ip) oc <p p , with p > 6*^1. The case of the quartic potential p = 4 is on 
the border line while the massive potential p — 2 is still compatible li^l Thirdly, no 
gravitational waves have bee n detected. There is only an upper bound on the ratio 
T/S, namely T/S < 0.3 Because there is no detection of gravitational waves, 
the consistency check of inflation has obviously not been verified. Fourthly, the 
statistical properties of the fluctuations seem to be Gaussian which is compatible 
with single field inflation. Recently, it has also been shown that there is a hint for 
wiggles in the multipole moments but that the standard slow-roll model remains the 
most probable one^"4 In addition, this hint is linked to the presence of the so-called 
"cosmic variance outliers" which could very well disappeared with new data or be 
of non-primordial origin (i.e. linked to some astrophysical foregrounds). Finally, no 
sign of topological defects has been detected. 

As a general conclusion, one can say that the predictions of inflation are compat- 
ible with the currently available data. Interestingly enough, the data already allow 
us to exclude some models of inflation. However, these data are not yet accurate 
enough to provide us with something which could be considered as a definite proof 
of inflation like a small deviation from scale invariance or, even better but much 
more difficult, a detection of a background of stochastic gravitational waves satis- 
fying the consistency check of inflation. Probably, we will have to wait for the next 
generation of observations to achieve this ambitious goal. 
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